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Abstract
Aim: For a long time, our research team has been successfully using 2 Hz geophones to measure 
vertical velocities and displacements of rails vibrating as a consequence of high-speed train traffic 
(200 – 300 km/h). Our aim is to extend the use of geophones to study vertical vibrations of rails also 
for lower traffic velocities (as low as possible). The lower the train velocity, the more important the 
low frequencies to describe the rail vibration. Given that below twice the resonant frequency of the 
geophone (ωn) the rate |output|/|input| differs significantly from 1, the amplitude of the signal in this 
frequency interval (0 – 2ωn) must be restored in order to obtain reliable measurements. In this 
contribution we present a method to correct the amplitude of geophone data in the low-frequency 
regime, as well as the analysis of “in situ” measurements for testing the goodness of the method. 
Method: Despite the one-to-one relationship between the spectral amplitude of the input signal and the 
output of a geophone for frequencies above 2ωn, there are significant phase effects up to 10ωn. This is 
the reason why phase correction must always be applied. We take advantage of the Discrete Fourier 
Transform (DFT) to convert the signals from the time domain into the frequency domain. Thus we are 
able to restore not only the phase but also the amplitude by applying the inverse transfer function of 
the geophone. The restored data are converted into the time domain by using the inverse DFT. We 
compare the vertical rail displacements obtained by integrating the amplitude- and phase-corrected 
velocity measurements with those calculated when only the phase-correction is applied for a rail 
vibrating when a train travels at 5, 50, 100, 130 and 160 km/h. 
Results: Previously to this work, we were able to measure vertical velocities and displacements in rails 
vibrating as a consequence of high-speed train traffic by using 2 Hz geophones. Now, with the new-
implemented amplitude correction in the frequency domain, we are also able to obtain these quantities 
for rails that vibrate when trains with velocity as low as 50 km/h travel over them, allowing us to 
perform studies in underground rapid transit systems. 
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1 Introduction 
A railway track structure must provide safe train transportation. The track has to be a stable 
guideway with appropriate vertical and horizontal alignment and stiffness. Each element in the 
superstructure (rails, fasteners, sleepers and ballast) and also in the substructure (subballast and 
subgrade) must work satisfactorily. After constructing a railway track structure, its maintenance is 
needed to guarantee the safety and operability of the system. Sometimes sensors for track 
monitorization are required to study (and improve, if necessary) the response of the system to traffic 
loads and environmental conditions in places with different singularities or pathologies. 
Rails are the longitudinal steel beams that directly guide the train wheels evenly and continuously. 
They are stiff enough to transfer the concentrated wheel loads to the spaced sleeper supports without 
suffering excessive deflection. The rails may also serve as electrical conductors for the signal circuit. 
Figure 1a shows how the three spatial directions in a rail are referred hereafter. 
(a)    (b)   
Figure 1: (a) Sketch of a rail section; (b) Cross-section of a typical geophone. The factor K is the spring 
stiffness, c is the actual damping, and m is the mass of the magnet. 
Rails vibrate as a consequence of dynamic traffic loads. Displacement, velocity and acceleration 
together with forces and stresses comprise the bulk of vibration parameters. Different transducers can 
be used to measure these quantities. As some of these parameters are inter-related*, the choice of the 
transducer depends upon the application as well as the cost of instrumentation. 
Railway track stiffness (vertical track load divided by track deflection) is a basic parameter of track 
design which influences, inter alia, the dynamic behavior of passing vehicles, the track geometry 
quality and the life of track components. In a nutshell, the vertical track stiffness is a very important 
indicator of track condition. In fact, many authors point out that the continuous measurement of track 
deflection or stiffness and the correct interpretation of the results can be a powerful tool for the track-
maintenance engineers to correctly guide maintenance planning and execution (see e.g., Ebersöhn & 
Selig, 1994; Fröhling, 1997; Esveld, 2001 and Sussmann et al., 2001). 
The method usually used for determining the railway track stiffness requires simultaneous 
measurements of the vertical displacement of the rail under traffic loads and the corresponding load. In 
the past, our research team tested two different methods for obtaining the vertical rail deflection in 
high-speed railway lines (García-de-la-Oliva & Santiago-Recuerda, 2013): (i) by using laser emitter-
receiver sensors; and (ii) by processing the signal measured with 2 Hz moving-coil geophones. Values 
from laser emitter-receiver sensors were proved to be unreliable because the position of the laser 
                                                          
* For example, the displacement can be directly obtained with a laser emitter-receiver sensor or indirectly from the velocity 
measurements by integration. 
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emitter was unstable as a consequence of the disturbance induced by the train in the ground and the 
environment. However, by using 2 Hz coil/magnet geophones we were able to give accurate, repetitive 
and reproducible results. Moreover, the fact that 2 Hz geophones are small and lightweight makes 
them suitable for placing onto the rail. 
Coil/magnet geophones are highly sensitive motion transducers that detect motion in only one 
direction. This kind of geophones basically consists of a hanging permanent magnet and a coil affected 
by its magnetic field (Figure 1b)†. According to the Faraday law, when the magnet undergoes a 
relative movement from the coil, a voltage is induced in the coil. As the induced voltage is 
proportional to the relative speed, the geophone is actually measuring velocity. Coil/magnet 
geophones are robust, cheap, and they need no electrical power to operate. However, this type of 
devices has two main drawbacks, namely finite range and limited frequency response. The range is 
limited by the largest distance (relative to the coil) that the magnet can move, which is fixed by the 
geophone design. The frequency response is constrained by the spring system and the mass of the 
magnet. The modulus of the transfer function of the geophone is flat for frequencies above twice the 
resonant frequency (ω0) of the spring system. However, for frequencies below 2ω0 the rate 
|output|/|input| depends significantly on the frequency. 
The motion of a system like the one shown in Figure 1b is described by Equation 1, where )(tx  is 
the base displacement, )(tz  is the relative displacement between the magnet and the coil, nω  is the 
undamped natural or resonant frequency (see Equation 2), and ξ is the damping ratio (relative to 
critical damping, as defined by Equation 3). 
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Equation 1 can be transformed into the frequency domain and then solved. The solution is given by 
Equation 4. )(ωH  is the transfer function‡ of the geophone in the frequency domain. It is a complex 
number (see Equation 5, where 1−=j  and nωωβ = ) whose magnitude, )(ωH , and phase, φ, can 
be calculated by using Equation 6 and Equation 7, respectively. 
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Figure 2 shows the amplitude and phase spectra of a typical 2 Hz geophone velocity transfer 
function. The amplitude spectrum is flat for all frequencies above twice the resonant frequency (2ωn). 
This means that for those frequencies the input amplitudes are unaltered (relative to each other) in the 
output signal. Despite the one-to-one relationship between the amplitudes of the input signal and the 
output for frequencies above ~2ωn, there are significant phase effects up to ~10ωn. This is the reason 
                                                          
† In modern geophones the magnet is fixed to the geophone case while the coil represents the proof mass.
‡ A transfer function is the ratio output/input of a system.  
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why we have always applied the phase correction to the measures provided by geophones. In fact, a 
high-pass version of the input velocity can be recovered by just correcting back to zero the phase of 
the output data of the geophone. 
The bulk of vibration of high-speed rails moving as a consequence of high-speed (200 – 300 km/h) 
train traffic occurs for frequencies larger than 4 Hz. Therefore, by simply applying the phase 
correction (Equation 7) to the output from 2 Hz geophones, we have successfully measured the 
velocity and the displacement (through time-integration of velocity) of high-speed rails with trains 
traveling at speeds of 200 – 300 km/h. 
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Figure 2: Amplitude and phase spectra (left and right panels, respectively) of a typical 2 Hz geophone 
velocity transfer function (resonant frequency fn = 2.11 Hz and damping ratio ξ ≈ 0.676). 
Our aim is to extend the use of geophones to study vertical vibrations of rails also for lower traffic 
velocities (as low as possible). The lower the train velocity is, the more important the low frequencies 
are to describe the rail vibration. In these cases, the amplitude of the signal must be restored in order to 
obtain reliable measurements. In the past, some attempts were made to correct the signal in the low-
frequency region. For example, Barzilai (2000) improved the response of the sensor by adding a 
capacitor to detect the proof mass displacement rather than the proof mass velocity. Brincker et al. 
(2001), instead, achieved a flat response in the low frequency regime by digitally applying the inverse 
transfer function in real time. Their method consists on splitting the output signal in small time-
intervals in order to obtain the input signal in each one by transforming the split data from the time 
space into the frequency space; applying the inverse transfer function to each; and then transforming 
the signal back again into the time space. Since the method used to put data from the time space into 
the frequency space (Fourier Transform§ , FT) assumes periodic functions, the authors minimize 
leakage errors by both artificially increasing the effective length of the data segment and applying an 
appropriate window. 
As Brincker et al. (2001), we also take advantage of the Discrete Fourier Transform (DFT) to 
convert the signals from the discrete-time domain into the discrete-frequency domain. This time, 
however, the signal is not corrected in real time but after recording the entire trace. Therefore, in the 
region of interest the leakage errors are negligible and no windowing is needed. In this way, we are 
able to restore both the phase and the amplitude of the signal by applying the inverse transfer function 
of the geophone (Equation 4). Thus we obtain low-frequency information equivalent to a sensor with 
flat amplitude response also in this frequency domain (such as a very low resonance geophone). 
Nevertheless, the contribution at very low frequencies must be discarded because the inverse transfer 
function of the geophone tends to infinity when the frequency tends to zero. We have empirically 
estimated this low cut-off frequency value for 2 Hz geophones. Finally, the restored data are converted 
into the time-domain space by using the inverse DFT. 
To check the goodness of the previous method, we have compared the vertical rail displacements 
obtained by integrating the amplitude- and phase-corrected geophone velocity measurements with the 
                                                          
§ The rail vibration due to dynamic traffic loads is not a pure simple harmonic motion and cannot be therefore described by a 
simple mathematical function. 
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displacements calculated when only the phase-correction is applied for a rail vibrating when a train 
circulates at 5, 50, 100, 130 and 160 km/h. We describe this data set in Section 2. The analysis, based 
on the procedure above described, is given in Section 3. Final conclusions are shown in Section 4. 
Figure 3: South entrance of the San Pedro tunnel (Madrid). 
2 The Data Set 
The data were collected during the night of 20th October 2010 in the South entrance of the San 
Pedro tunnel (see Figure 3) of the high-speed railway line linking Madrid to Valladolid (Spain). These 
measurements were included in a larger work for investigating transitions from ballast track to slab 
track, and vice versa, in collaboration with ADIF (Spanish manager of railway facilities). The South 
entrance of the San Pedro tunnel is in fact a ballast-slab track transition. 
Rail movement was caused by a “Talgo BT” train running over it. The axle configuration of this 
type of train is shown in Figure 4: it has a two-axle bogie and four additional single axles. 
Figure 4: Axle configuration in a “Talgo BT” train. 
We got different frequency content in the rail vibration by changing the speed of the train. Five 
different speeds in the range 6 – 160 km/h were tested. The date, local time and speed of each test are 
listed in Table 1. Note that all the tests were carried out with the train circulating in the same direction 
(from Madrid to Valladolid) except for the fastest one (which goes from Valladolid to Madrid). 
Train Date Local time Speed (km/h) Direction 
N1 20/10/2010 01:06:08 6 From Madrid to Valladolid 
N2 20/10/2010 01:18:02 48 From Madrid to Valladolid
N3 20/10/2010 01:28:31 98 From Madrid to Valladolid
N4 20/10/2010 01:43:18 128 From Madrid to Valladolid 
N5 20/10/2010 01:35:27 160 From Valladolid to Madrid 
Table 1: Date, local time and speed of the tests carried out with the “Talgo BT” train. 
The sensors were installed at the ballast track region at different positions of the railway track. A 
total of seven geophones with resonant frequency of about 2 Hz were placed in the rail. Six of them 
were separated from each other by only one sleeper (see Figure 5): the one nearest to Madrid was 
named T4AMMM, while the one nearest to Valladolid was T4AVVV. Those in the middle were 
T4MM, T4M, T4V and T4VV (ordered from Madrid to Valladolid). An additional geophone, T4BM, 
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was placed ten sleepers far away (towards Madrid) from the geophone T4AMMM. The time-
resolution of the data logged with each one of these geophones is 10-4 s. 
Figure 5: Position of the 2 Hz geophones in “Region 4A”. 
Strain gages were placed at the slab track region in order to obtain dynamic wheel loads from the 
strain measurements by using the procedure reported by García-de-la-Oliva & Santiago-Recuerda 
(2013). These additional data are useful for interpreting rail displacements, which are expected to be 
correlated with the corresponding applied load. Results for dynamic wheel loads for the single axles of 
the trains shown in Table 1 are plotted in Figure 6. Note that in the studied range of train speeds (6 – 
160 km/h), the dynamic wheel load for a particular axle results to be similar independently of the train 
velocity. 
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Figure 6: Dynamic wheel load estimated for the different single axles of the trains listed in Table 1. 
3 Analysis and Results 
In this section we describe the procedure used to analyze the data measured by the 2 Hz geophones 
with the aim of determining the rail displacement due to dynamic loads. The data logged by the 
geophone T4AMMM for the train N2 are used as an example in order to illustrate the method. At the 
end of this section, results for all the trains and all the sensors are shown and interpreted. 
Figure 7a shows the original output from the geophone T4AMMM for the train N2, only corrected 
from its corresponding constant zero level. The zero level is determined as the level outside the region 
affected by the train. The pass of the different wheels is clearly detected. 
We take advantage of the Discrete Fourier Transform to convert the signal plotted in Figure 7a 
(original data measured by the geophone corrected from zero level) from the discrete-time domain into 
the discrete-frequency domain. In this way, the amplitude spectrum shown in Figure 7b is obtained. 
The bulk of the signal is comprised at frequencies lower than 50 Hz while higher frequencies are 
responsible for the noise observed in Figure 7a. For a better display of the amplitude spectrum in the 
range 0 – 50 Hz, a zoom in has been included in an inner panel. 
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Figure 7: (a) Original data logged for the train N2 by the geophone T4AMMM after being corrected from its 
zero level; (b) Amplitude spectrum in the frequency space of the curve plotted in Figure 7a. The region 0 – 50 Hz 
has been zoomed in for a better display. 
A low-pass filter which excludes frequencies equal to or higher than 50 Hz (break frequency) has 
been used in order to remove noise from our data. This filter function, T(f), is equal to 1 for 
frequencies below 95 % of the break frequency, and decays smoothly from then until reaching the 
value 0 at the break frequency, that is: 
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Once the output signal is filtered, the phase effects caused by the geophone have been removed by 
subtracting (from it) the angle φ given by Equation 7. Later, by applying the Inverse Discrete Fourier 
Transform, we transform the phase-corrected signal from the frequency domain into the time domain. 
When the data shown in Figure 7a goes under this treatment, the green curve in Figure 8 is obtained. 
This curve has been plotted over the original signal (black curve) for comparison. Note that the 
expected odd symmetry of the vertical rail velocity as a response to the wheel movement is restored by 
only correcting the phase effects. Note also that noise has been significantly diminished thanks to the 
used filter. 
In the case that not only a phase-corrected version but a complete restored signal is desired, an 
extra operation must be done before applying the Inverse Discrete Fourier Transform: This 
mathematical operation consists of dividing the output signal in the frequency domain by |H(ω)| (see 
Equation 6). In this way, we are correcting the data from the amplitude effects caused by the 
geophone. Since the inverse of the function |H(ω)| tends to infinity when the frequency tends to zero, 
the part of the signal at very low frequencies cannot be reliably determined and must therefore be 
discarded. The question is, from what frequency value (down to zero) should it not be taken into 
account? Several tests have been carried out in order to empirically find the best solution to this 
problem. We have found that if this low cut-off frequency is too close to zero, a non-physically-real 
background level (with a low-frequency wave shape) will appear when transforming back the signal 
into the time domain. Instead, if the cut-off frequency is not low enough, a large amount of the signal 
could be lost (the lower the train speed, the higher the lost signal). From our tests, we conclude that 
the best compromise for both the non-physically-real background level and the lost signal being small 
(at the same time) is reached when |H(ωcut-off)| = 0.008. For our 2 Hz geophones, it occurs at ωcut-off ≈
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0.17 Hz. Finally, by applying the Inverse Discrete Fourier Transform, we transform the amplitude- 
and phase-corrected signal from the frequency domain into the time domain. When the data shown in 
Figure 7a goes under this treatment, the red dashed curve in Figure 8 is obtained. 
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Figure 8: Three different curves are shown for comparison: (1) the black solid line (OD) is the same curve as 
that plotted in Figure 7a; (2) the green solid line (PFO) is obtained when phase effects caused by the geophone 
and noise are removed from the former signal; (3) the red dot line (APFO) comes from removing the amplitude 
effects caused by the geophone from the latter signal. Note that this figure only shows results for train N2 (v = 48 
km/h) and sensor T4AMMM. 
In order to obtain the rail displacement, the next step consists on time-integrating the corrected rail 
velocity curve. Note that through integration, small errors in the zero background level are amplified. 
This is the reason why direct time-integration of the rail velocity curve cannot be strictly considered as 
the rail displacement. The time-integration of the solid green and red dashed velocity curves shown in 
Figure 8 provides the green and red lines plotted in Figure 9a, respectively. In order to obtain the rail 
displacement, the background level must be restored to zero. In Figure 9b we plot the result from 
applying this operation to the curves given in Figure 9a. 
Figure 9b shows the rail displacement (vs. time) obtained from the data measured by the geophone 
T4AMMM for the train N2 when only the phase correction is applied (green line) compared to the one 
obtained from applying both the phase and the amplitude corrections (red line). The results are clearly 
different in this case: higher rail displacements are measured when both the phase and the amplitude 
corrections are performed. 
Figure 10 contains different panels as Figure 9b in order to compare the results for all the analyzed 
train speeds (note that all these panels show results for the same sensor, T4AMMM). As expected, the 
largest difference between the results obtained from the two procedures is found for the lower train 
speed (6 km/h), when the rail vibrates mostly at low frequencies. The difference is also significant for 
train speeds of about 50 km/h. For train speeds larger than 100 km/h, both methods provide similar 
results. 
Figure 11 and Figure 12 show the results from applying the phase-corrected, and the amplitude- 
and phase-corrected procedures, respectively, for all the sensors, train speeds and single train axles. In 
particular, in Figure 11 we plot the maximum rail displacement obtained from the output velocity 
measured by the different geophones when it is only phase-corrected. Each panel in this figure shows 
the results for a wheel in a particular train axle. Only results for single axles are given. These 
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displacements are plotted vs. the corresponding train speed. Figure 12 is like Figure 11 but showing 
the results obtained when both the amplitude- and phase-corrections are applied. 
The real vertical rail displacement caused by a particular train axle should be almost independent 
of the train speed. Figure 11 shows significant smaller values for the rail displacement for train speeds 
lower than 100 km/h. This means that when only the phase-correction is taken into account, the 2 Hz 
geophones provide reliable measurements of the vertical rail displacement only for train speeds higher 
than 100 km/h. However, from Figure 12 we conclude that when both the phase- and amplitude-
corrections are born in mind, the 2 Hz geophones can be used for obtaining reliable measurements 
even for train speeds as low as 50 km/h. 
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Figure 9: (a) Time-integration of velocity vs. time; (b) Rail displacement vs. time. Note that both panels 
show results for two different cases: (1) the green solid line shows the results for the phase-corrected output 
velocity from the geophone (PFO in Figure 8); and (2) the red solid line shows the results for the amplitude- and 
phase-corrected output velocity from the geophone (APFO in Figure 8). Only results for train N2 (v = 48 km/h) 
and sensor T4AMMM are shown in these plots. 
4 Final Remarks 
Previously to this work, our research team has successfully measured vertical velocities and 
displacements (through time-integration of velocity) of rails vibrating as consequence of high-speed 
train traffic (200 – 300 km/h) by using 2 Hz geophones. Now, we are also able of obtaining these 
quantities for rails that vibrate when trains with velocity as low as 50 km/h circulate over them. This 
will allow us to use 2 Hz geophones to analyze movements of trains in underground rapid transit 
systems. 
We take advantage of the Discrete Fourier Transform (DFT) to convert the signals from the 
discrete-time domain into the discrete-frequency domain. In addition to phase correction, in this way 
we are also able to restore the amplitude of the signal contained at low frequencies by applying the 
inverse transfer function of the geophone. The amplitude-correction is required when low frequencies 
become important in the description of the rail movement, that is, for low train speeds. Nevertheless, 
the contribution at very low frequencies must be discarded because the inverse transfer function of the 
geophone tends to infinity when the frequency tends to zero. We have empirically estimated this low 
cut-off frequency value for 2 Hz geophones (ωcut-off ≈ 0.17 Hz). Finally, the restored data are converted 
into the time-domain space by using the inverse DFT. 
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We have proven that 2 Hz geophones provide reliable measurements of the rail movement for train 
speeds larger than 100 km/h even when only the phase-correction is applied. When both the phase- 
and amplitude-corrections are included, they can also be used for train speeds as low as 50 km/h. 
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Figure 10: Same as Figure 9b but for all the cases listed in Table 1. In this way, measurements for different 
train speeds can be compared. 
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Figure 11: Maximum rail displacement obtained from the output velocity measured by the different 
geophones when it is only phase-corrected. Each panel shows the results for a wheel in a particular train axle. 
Only results for single axles are shown. These displacements are plotted vs. the corresponding train speed. 
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Figure 12: Maximum rail displacement obtained from the output velocity measured by the different 
geophones when both the amplitude and the phase effects are corrected. Each panel shows the results for a wheel 
in a particular train axle. Only results for single axles are shown. These displacements are plotted vs. the 
corresponding train speed. 
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